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Declaration of Al-Generated Content

In this presentation material, Al has been used for the following purposes:
- Generating some images such as illustrations and backgrounds

- Translation

- Content review

‘? This icon indicates Al-generated image

This icon is also generated by Al




Last week...

We covered the electric parts in 558 . ORY FOESES:
robots. We focused on: (U E7IOF2T—%)
« Overview of electric parts - BEROHE
« Principle of various motors - ZERBE—5—DENERIE
. Position sensors s UBETY

« Force sensors and laser obstacle Ne>otgél——EEYLz>
Sensors t

« Electrical communication inside Oy fARESDESIEE
robots




Today: algebra and kinematics

: : : , SHORE : RHE B
Linear algebra is essential for controlling a

robot. SRABIZOR Y S ICRAI R T
7,

Robot control technology includes kinematics, . o
i v o EENE. mEEEER. R
classical control theory, and modern control otk TR e
theory
ARy b TZRICHBRIEZ DD
- BESETL
- EfRILIE
- MR

Other necessary mathematics:
« Trajectory optimization
* Image processing
« Machine learning




EH)F

[ fHt [ e "?
What is "Kinematics™ N —
HzZEETIc. = - W Tl
Kinematics MR (BEROWIE) 0E8h% o

TEAHENZD—DETH D, |

“Kinematics is a subfield of classical mechani . \ \ .
ssiCal mechanics - on \ Toris mEpr Ry

that describes the motion of points, bodies DB LERE ZHICHET 3
(objects), and systems of bodies (groups of FOF AT —S9DENEDERAEE
objects) without considering the forces that TEEFT CEMNBL,

cause them to move.” (Wikipedia)

« Inrobotics, kinematics often refers to describing g5
the relationship between a robot's positions and g oo 5 ¢
postures and their corresponding actuator .
displacements. - BEREINEEZZERET S

Dynamics
« Based on equations of motion
« Considers inertia and acceleration
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Al-generated image

Mechanical Engineering
Electrical Engineering

Information Engineering

Give
instructions to
the motor.

E—HIC
ERE522

Control Engineering

The overall view of robot control

Obtain sensor
information.

25D
Blzisd

Artificial intelligence
Image processing

FROBZFEMUEZ
RET D
' Determine the target
' position of the end

Kinematics is . effector.
necessary.

Electrical engineering
Information engineering

BESAREHIHID

BEZTID

MEIDOBEIRAEZ

Perform calculations
for joint angle control.

Determine the target

RET D ;
angle of the joint. ,"

Determined by image processing and Al

Pre-programmed in advance
User gives instructions in real-time via remote control



Forward kinematics and inverse kinematics

4 ™

 Calculate the user’s

Forward kinematics hand position from the . °
angle data of a 3D /p
Mathematical methods for determining hand input device g

position from joint angles.

Hand position Geomagic Touch
’ > -« Convert a robot’s end-tool position

command into joint-angle commands
Inverse kinematics * In computer graphics or game
development, calculate arm and leg

Mathematical methods for determining joint angles angles from a character’s hand and foot

from hand position. positions.

IBEZE)= (Forward Kinematics)
IEEENZ 1d. BEAENSFDABEEKRDDEFNFETT,
) : BDAFIEE (Geomagic Touch%s &) DEETF—yH 51—

Hand position : YP—DOFONBEEET %,
> |K Joint éngle EEZ (Inverse Kinematics)
WEEF 1F. FOMEH SEEIAEERDDZEFNFETY,

fll: Oy hOXKIKFLE (T RY—)) OAIBIESEZBESAE
DIESICEWRT D,

fBl:CGC (AYEa2—9T0Z5T4vPIR) TlE. Fv¥3>05—D 7
FPEDMUEBENSHLHIOBEZETET D,




One-link kinematics example 1v>so=m:

* Problem: Given the joint angle 6, find the tip position (X, y).
EEAE 0 NSX5NTWVWD EST, LIRlIE (x, y) 2K D

Forward Kinematics
e x=LcosH
e y=1Lsin0
Inverse Kinematics
« Solve the above equations for

y Lsin6 _ tang
x LcosO an
0 =tan‘1X

X



Two-link kinematics example

A two-link robot has two straight arms of lengths L, and L, joined in series.

Given a target point (X, y), we find joint angles 6, and 6.. (z, 1)

2UY0ARY MRS L & L, O2KDERT —LWBEFICERFEINTWET, BIFAE (x, y) A
DHh-TWHEE, BEEIA 6, & 6, ZKDHDET,

Forward kinematics
e x =Lycos0y+ L, cos(61 + 6,)
e y=L;sinf; + L, sin(64 + 6,)

Inverse kinematics ???




® Setup

Two-link inverse kinematics S

0 (, y) @ (x, ) Mark the two unknown angles (at the
, base and at the elbow).

T_A (Eé L1, Lz) (‘:.E*%ﬁﬁn (X, y) %#ﬁ<o
N—2R ERDEIEE 6,, 8, &ERDH D,

(2 Cosine theorem

Compute the straight-line distance r
from the base to (x, y):

N—2AM5 (x,y) ETOHEREr =518

r =/ 2% + y2.
xI, . .
@ =) In the triangle of sides L4, Ly, and r,
use
. Ly, Lo, r D=AF TRREEZES
2
. ',,9 a o L3+ L2 —+? . Lﬂ(Lf—FL%—TE)
2=T =49 cosp = {0 — arccos
2 i ] P le LE . P 2L1 LE

), = atan2(y,x) — 0
10




Two-link inverse kinematics

(1]

(2, y)

.Fr.rj .lr.l
sinfl sing

@ (. y)

Li?+ Ly% - I72

¥ Lo r
7 sinf!  sing

s ch =
. /Lo sin¢
g1 — HICSIII(—\P)
p
@ (z,y)
)
T oGy =m—0

), = atan2(y,x) — 0

() Sine theorem

Still in the same triangle, relate side
L, and angle ¢ tor:

B U=Af CIE%EIE % @A
Lo T

- = — , B = arcsin(
sinf!  sing

Lo sin{p)

T

@ Inverse tangent (atan2)

Compute the overall angle a to the point:

HERANOE=FAEZETR

a = \atan2(y, )
Then the first joint angle is
RARNICE—BEDAENKRED

fh=a—0, fB:=m—

What is atan2(y, x)?

A programming function for inverse tangent
that returns the correct angle a in the right
quadrant so that

r—rcosq, Y —rsina

11



Generalization

| can work out kinematics and inverse
kinematics by hand for one-link and two-link
robots.

How can we make a general method?

$

Robot kinematics mostly uses coordinate
transformations.

If we describe each transform with a matrix,
we get a general theory that applies to various
robots.

1> - 200Ky cDIEEFZE
EEEENZIEFEETROSNF T,
Tld. cNEESPH T—MRIETES
TUL&DN?

ORwY b DEENE T IZEEIZEE A I
T, cNEIARNTITITERIT CETL
BRRZARY MMCEZ D —RNRIES
NESNET,



Review of Vectors

A vector is a quantity with both size and direction. In 2D, we write vectors
as column vectors to match with matrices later:

" NI KM, KES (RT) LAEZHEDOE
]
a—| ', b=1,"

(15 bE

Addition NI MIVDEUVE

L {!.l—|—fil
a+b |:£LE+EJJ

Scalar Multiplication zn5-fg

.IG{I.l L
ka LHIJ

13



Vectors and Kinematics

If we treat the robot’s links as vectors, we can solve kinematics with vector
operations.

Y End-effector position
= sum of vectors for each link.

14



Matrix

Matrix

« A matrix is an arrangement of numbers in rows and columns.

751 & 1F. BETEFICEREE D 1 a b

Matrix Addition
‘111 a12 b11 b12] _ [a11 + b1y a5+ b12]
a21 a22 b21 b, az1 + byy Gz + by

Matrix Multiplication

a11 a12] [bn biy _ [a11b11 + ay3by1  aq1bqp + a12b22]
a21 Az211byy  byyl ay1b11 + azpby1  ap1bi5 + ayyby;

e | 3 A

15



Matrix

Product of m rows by n columns
« You can multiply two matrices only if the number of columns in the left matrix

equals the number of rows in the right matrix. RO DI & BT DITEAL L N\
a11 e alm bll cee blp é(’:@aj\ ??5']@%#0?%73“’6%&3‘
A — ® . M ’ B — . ° .
An1  *° Anm _bml bmp_
* Then
C11 C1p
C=AB= s |, cij = Xke1 Qikbyj

« Example: _

1 2 3 ’ 8] 1*x7+2x9+3*%x11 1*x8+2*10+ 3 %12

4 5 6 191 1(2’ “l4x74+559+64%11 4*8+5*10+6*12] [139 154




Matrix

Characteristics of matrix addition:
« Commutative law A+B=B+A4
« Associative law A+ (B+C)=(A+B)+C

Characteristics of matrix multiplication:
 Not commutative AB # BA
« Associative law A(BC) = (AB)C
* Distributive law A(B+C) =AB + AC

3Nl

Er=pall

ISR A IR D I T2 78 L)
wwasal

ga) Nl

17



Matrix and vector multiplication

Matrices can transform vectors using “linear transformations” (also called “mappings”).

 Linear transformation THlE TR ZEE (Bl& TE/R] ) ZAHAVWTIRI MBI TEEXRT,
« The operation that transforms (x,y) into (x',y") = (ax + by, cx + dy)

' X o L
« This is represented as [;,] = [Ccl 2 [y] , and it is characteristic that it is multiplied from the

left side. after  Mapping before

matrix Ya

Identity matrix (does nothing) =75 (@6 L&)
1 01[%71 _ ¥
0 1] [y] B [y]

HEAHE/
Scaling >

o slbl=[5

« This example matrix doubles x and triples vy. COBIDITEIE x E2£5. y &E3MEICUET,

18



~ - BlEn/T5EORY hOEEF CHEICEE T,
Rotation Matrix FEAEDOTY B AR D C. BT BB EAS TS,

N7 BV (x,y) Z2AE 6 I21F[E 17572k 2

Rotation matrices are very important in robot kinematics.

« Most robot joints are revolute, so kinematics often involves rotations.

Let's find the matrix that rotates a vector (x, y) by an angle 6 "

 First, write (x,y) in polar form (using length L and angle )
(x,y) = (Lcosa,Lsina)
« Rotating by 0 gives 0
(x',v") = (Lcos(a + 8),Lsin(a + 0))
= (LcosacosO —Lsinasinf,Lsinacosf + L cos asinb)
= (xcos@ — ysin@,ycosf + xsin @) *Ven9heengeaddiion formulas >z

, 15 T2 T {5
e In matrix form:

5] = [cs8 e []

19



Example of Combined Transformations

Rotating the vector and then scaling it 18 D2 5l
« STEP1 Rotation

x'| _[cos@ —sin@][X
. [y’] B [sinH cos 6 ”y]
« STEP2 Scaling
" 071 [+
' li] - [8‘ ﬁ] li]
« Combining them
=10 sllns ey 1B
acosf —asinf] x
- fsinf [ cos@ [y]

ND b7z [ElEr UTH SILKHE/INT B

By using the associative property, we can represent multiple transformations

with a single matrix.
HEEZEDS CET BROZRRZE—DDITITRI CENTEXT,

20



Rank of matrix

The rank of a matrix is the maximum number of linearly independent column
vectors (or row vectors) it has.

« Linearly independent means the vectors point in different directions.
Example

_[1 2 _
A= 3 4 - rank(4) = 2
_[1 2 _
B = 3 ¢l - rank(B) =1

For instance, a transformation with rank = 1in 2D space makes all transformed
vectors lie on a single straight line.

_ _ P

. _1 2_ X B X _|_ Zy 'fTﬁJ BE&
3 411yl |3x + 4y| T DRI & (3. Z DTN DIRFARIIZFINY b b
_ et - (EIFHTNY ML) DBRABTT,

[ 21X o[ X 2y | _ [1] (x + 2y) « I E . NT MVAEARRZDHFREZRLTL
3 6llyl T [3x+6y] " I3 Y BT EEEHRLET,

fc&E R 2RTZERF TREBIOERZT 5 & BIRED
NI MVEETART—ERLICHOXRT

21



Inverse matrix

When a matrix is full rank (its number of rows = its number of columns = its rank),
an inverse matrix exists that satisfies:

(1 0 0
caat=1, 1=[9.1 O (identity matrix)
0 0 - 1]
« The calculation method is omitted here (it's similar to solving a system of

equations)

The inverse matrix represents the inverse transformation. For example, for the
rotation matrix

. R= [CF’SH —sin 3] FRAERl (FR=FIM=F8) THBEx. BT HEE
sin @ cos 6 LET,

L -1 [cos(—@) —sin(—0) EATHDROFIFERUERT (BULEANZESAEICYTVE
~ |sin(—0) cos(—0) 9) o

WAL, BROFEERUEX T, HIlX ILEEATHIDESTH (D]
BL/x 3R 9




Kinematic Calculation using Matrices and Vectors

Objective T ERT MV ERWCEEZESTE
* Find the position and orientation of the robot’s end -
effector relative to the robot’s base \
o OMY FOEEMNSRIEIVRITT
D5 DAE EZEBZKD B,
Approach
« Use vectors to represent link lengths and linear 5
motions e NTKNVTY Y DES EEIHES
) ZRILT B,
-« Use rotation matrices to represent joint bends and ., mEgss75cEgioF & EnEs A=
rotations. EERSE
. : : : e ZUVIICRULTITH L DERT ML
Define one matrix and one vector for each link. ety
- Compute the kinematics using matrix and vector « 55 - RO N EE GBS A E

operations. ERGE




COO rdinates Oy FTHICH T2 EESR

« AUZEERICERDOEZRNEFELXT,
o RRVPHIIEESING. BE - DT ENHDET,

Coordinate systems in robotics
« A single workspace can have multiple coordinate systems
« The origins and axes may move or rotate

<

Joint Coordinate System

Joint Coordinate System

4)"»

Base Coordinate System (Fixed) 20 Workbench =

7

Task Coordinate System (Fixed)

End Effector Coordinate System

24



Vector representation of links

Defining the joint coordinate syste
« The coordinate axes rotate with the joint. ER#EEHOEEICELETEE LT,
(See the x- and y-axes on the right.)
Expressing link length as a vector
« We usually represent the link length as a vector along the x-axis.

. wE. VYIOREE XEWARDORT MLEU
* In the example on the right, TEREUET,

-ly

In this case, the forward kinematics result is the sum of:
« L, viewed from the reference coordinate system  (&-----t--
« L, viewed from the reference coordinate system.

COLEE, IBEERNZORIIUATOEETTY,
o« EXEFIERTERE L,
o« EXEFIERTRR L,

25



Coordinate Transformation

In robotics, we show which system a vector

To solve klnematlcs, we need to belongs to by adding a subscript, for

convert a vector expressed in example (2, 2y) in X,.

coordinate system 2, into the same ORy FIETR, COBBRMERT LHIORAF
vector expressed In coordinate AEL, BIZIE S, Tl (2, 2y) E2=FT,
system 2,.

WEPER I, BIRR S TEURAY MVEE &g

BZ s, TRULAY MNUICERT ZUENSHD = )
P Y

2y

, s , , 5, & 3, OB TERR (p &6) HD
Given the position relationship (p and 8) between X, o TNBE =, '{2 < (2Xf)zy) EELE

and Z,, if p is represented as (?x, 2y) in Z,, how is p RIRMp &I TREEDKSICRUE
written in 2;? gm? 26



Procedure for Coordinate Transformation 1

First, create a coordinate system X’ that has the same origin as %, but the
same orientation asy,

. : , £9 BElE s, EALT mEE S,
Using rotation matrix, LR 5, BEREED £T,

zx’] " lzx] cosf® —sinf
. | ='R , IR, =
lzy 2| 2, 2 [

sin @ cos @

27



Procedure for Coordinate Transformation 2

Using the formula for the sum of vectors, we can find the final solution[

1 2

X 1 X
.[1]=p+ Rz[z]

y y

1

1

X

y

|

28



Coordinate Conversion Equations

SRR DT

'P="pP2+ 'R p

Vector p expressed in coordinate system X,
Position of X,’s origin, as a vector in ,
Rotation matrix from %4 to 2,

Vector p expressed in coordinate system %,

29



. MM SEEICp = [6,4 + V2] EHOMD
Numeric example ST EEERORERE>THE LT

HFEU&L D,

Finding 1p in the right figure.
« From the figure, you can easily see that
Ip=[6, 4++2], but let's use the coordinate transformation

formula to calculate it. 1y
'p="p,+'R;%p
V2 V2
1p. — [cos45° —sin45°] _ 2 2
> lsin45° cos45° V2o V2
2 2 1 -
V2 V2
1. _[6 2 2N
p=lal+E 2|l
22 7 Ipy = 6,4
V2 V2 1
(i i |-l
4l "z vz 442
2 2

30




Single-link robot example

Kinematics
e x =Lcos6

* y=1Lsin6

« Let’s derive these kinematic equations using
the coordinate transformation formulas.

BEEZBEONZANT, LELOEEBFZEETRX LU & S,

31



Single-link robot example

Define two coordinate systems as shown in
the figure and find °p

A

1: Link-1 coordinate
(mova ble)

32



Single-link robot example

Yy
0p=0p1+0R11p A
Ly

_ [0] + [COSH —sinH] [ ]

0 sin 8 cos @

L COS 0 (movéb\e: 1p _ [L’O] 133

Lsin@

0 0,

0: Base coordinate (fixed)

% Op, is the vector from the origin of frame X, to the origin of frame .
In this example, both frames share the same origin, so °p, = [0; O]. p="pi+ R 'p

- cosf —sinB][L
« Op, IZEBETR0 & BEERI OMBRIFES LT3, COBITIE2 DR bl {5 o Tl

REESNECMBICHZDT. Op, BRERY MUICRS, _peso .




Two-link robot example

Find the kinematics of the robot arms in the
following two links.

34



Two-link robot example

Define the base coordinate system, joint
coordinate system 1, and joint coordinate
system 2, and find %p

0
Y
A
9
Y
1 .
\
N\
N\ 9
\\. o L
\\\ p = [L2,0] ~
\\ 0>
\ - 1 _
\\ - » :L
'py = [L1,0] _»
6, 0 7

EERIER (5, . FEEER
(z,) . BHEAEEIER2 (3,) ZEZEU.
Op =KD,

35



Two-link robot example

Yy
‘p="p+°R'p b,
'p="p.+ 'R %p »
Known variables: A\
°p, =[0,0], °Ry = R(6,) 2 ‘
p = [L2,0]
lpz = [Lli O]r 1R2 = R(HZ); 2 6 :
’p = [L,,0] AN *
J 'py = [L4,0]
1 — Ll + LZ COS 02] 91 > Oaj
p L, sin @,
0p = OR. 1y — [cos 6, —sin 91] [Ll + L, cos 02]
P= "1 P~ [sing, cosé, L, sin 6,

__[Lyicos@; + L, cosB; cosB, — L, sin b, sin b,
~ |Lysin6; + L, sin 6, cos B, + L, cos B, sin 92]
L, cosB; + L, cos(64 + 65)
Lysin6; + L, sin(6; + 6,)

36



Homogeneous transformation — mxzs

In a multi-joint robot, we must solve these equations in sequence.

ZESORY hTld. XORE|BICEE<SMENSH D EFT,
1p 2
2+ "Ry, “p

p
ps + °R3°p
p

1
2
3 4 T SRy *p

1
P
P

p

Using a homogeneous transformation matrix simplifies this to
AR A NZRIREBTINZFES & ROLS ICERICKRERT
AT, = [ B pB]
0 1

P

& “p=4pg+“Rp°p

37



Homogeneous transformation example

Let's find the homogeneous transformation Il @ [RUIS I [, ds el
matrix is the identity matrix.

matrix of the following 2-link polar coordinate BT . a5 3 5] |
type robot. mDET,

_ [cos 6 —sin6
sinf cos@

AT, = lARB APB]
0 1

38



Homogeneous transformation example

OT, ¢ Translation of O and rotation by angle 6

cosf@ —sinf 0
> 9T, =|sin® cos@® 0
0 0 1

1T, ¢ Translation of L, and rotation 0

1 0 L P
>, =0 1 0 ATB—lgB fB]
0 0 1

S

cosf@ —singd 011 0 L cosf —sinf@ Lcosé@
End effect
OT, 1T, = [sin@ cos 6 0] [O 1 0] = [sin@ cos@ Lsinf A
position
0 0 1110 0 1 0 0 1

39



Jacobian matrix +oess

The Jacobian matrix for a multivariable function y = f(x) is defined as:
ZEHEB y = f(x) DV IETIHRIRDKL S ICERINET T,

0h .. 4]
0x4 0xn
J=1: =~
fm ., Ofm
L0Xx4 0xp,

The Jacobian shows how y changes when each component of x changes slightly.

Here 0 is the partial-derivative operator, which
differentiates the function with respect to one variable

at a time.

CCTORREHAEET T BREHZEMCBELTHI LET,

YAETIIE. X DERSD DTN LIcESZICYy NEDKSICELT DN ETRULET,

Example: z = 2x + 5y (equation of a plane)

dx
J = 0z

77

9y

=[5]

indicating the slope in the x-direction is 2 and in the y-direction is 5.
TN x AADIEEN 2, y ARIDEEH 5 THHEZRULTVWET,

40



Jacobian matrix of a robot

Jacobian Matrix: Describes small changes in output in response to small
changes in input.

Robot Jacobian: Relates joint angular velocities to end-effector velocities.

Applications:
* Motion analysis

« Numerical methods for inverse kinematics

« Statics

YAETTH  ADDNSRBREICT T HDENDNSBREZRLUEX T,
ARy bV IETTH  EEOAREETY RI T 7Y DREDRfRZ
mUEY,

A
o IBENERAT
o WEF 2 E DBUBREE

=
BH=E a1



Jacobian example

For a single-link robot:
e x=Lcosf, y=1Lsin6

ox . oy
Vi Lsin@, Y. = L cos @

Thus the Jacobian is

__[—Lsin6
/= [LCOSH

« For example, when 8=0, ] = [2]

- If the joint rotates at 1 rad/s, the end-effector
moves along the y-axis at L m/s

BEEINY 1rad/s CRIERT D E. TV RI T Oy #HABEIC L m/s DR
ETEEET,

Obtained by differentiating the
Kinematics.

42



Motion Analysis: Rank of Jacobian and Singular
Posture (z,)

If the rank of the Jacobian matrix is not full, the robot’s motion is limited.
YALTHOBEEN T TRVNE, ARY FOBSIFEBEINET,

Example (2-link robot)

Cog [—Ll sinf; — L,sin6;, —L,sin 912]
)= L,cos6; +L,cos0;, L,cosbq,

(012 — 01 + 92) -------------

« When 6, = 0, which means the arm is fully extended,

_ [—Ll sinf; — L,sinf; —L,sin 81]
)= Lycosf0,+ L,cosf; L,cosb,

= rank(J) =1
The end effector of the robot can only move in one direction.

IVRIJzOZIE—HARICULABEICEHZRIEDET,




Numerical Solution of Inverse Kinematics

Inverse kinematics of a robot often requires the use of
numerical methods, as there is no guarantee of an analytical
solution.

In this regard, a numerical solution method using the
Jacobian matrix as an extension of the Newton-Raphson
method will be introduced.

Newton-Raphson method

Problem to solve:

fx) =0

Solution:

f(x)
f'(x)

x[k + 1] = x[k] = B

44



Newton-Raphson example
_ f(x)

Solve x2 =2 (x > 0)

f(x)=x?>-2, f'(x)=2x

x[0]=1,=1

In the original method, there is no parameter . However, in complex problems such as inverse kinematics, this parameter can be
used to tune the performance of numerical solutions.(called damped Newton-Raphson method)

0 -1
x[1] = x[0] — B j{,((’;[[(}]>) =1-1(F)=15

1 0.25
x[2] = x[1] - ﬁ;,((’;[[l]])) =15-1(22) = 1.4167

2 0.0070
x[3] = x[2] - 528 = 1.4167 — 1(53222) = 14142

45



Numerical Solution of Inverse Kinematics

Problem setting for inverse kinematics

« Given the end effector position p of a robot, find
the joint angles q

« p = FK(q) - Solve this equation for q
(FK is forward kinematics)

Method

« Use an iterative update, similar to the Newton-
Raphson method.

qlk + 1] =qlk] + B/ (p — FK(q[k]))

EEENF DEUBREE
[FEERE]

e ORY NDIVRITJIVSMNMEp NEASNIEE, BEEiE qZKD
Z

e p=FK(q) > CORE q IKOWTIRS (FK RIBES) .
€39
e VIETHERW -2 —br-STY VEINERIESAEAEITTD :

Newton-Raphson

x[k + 1] = x[k] - B ]{Cf(fj) for f(x)=0

46



Numeric IK example

qlk + 1] = q[k] + B J~* (p — FK(q[k]))
Linear 1-Link robot
« Problem
* Find g such thatp =10
« FK and Jacobian
*p=gq J=1
« Numerical solution parameters
- q[0]=0,8=0.3

Joint position g

—:I—.‘_
Hand position p

k

Result (using Excel)

© 00 N O o b W N -~ O

S S N Nt Y ¥
0 N O o B W N O

qlk]
0
3
5.1
6.57
7.599
8.3193
8.82351
9.176457
9.42352
9.596464
9.717525
9.802267
9.861587
9.903111
9.932178
9.952524
9.966767
9.976737
9.983716

beta

0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3

Jinv

B I T e e e T T T e . . . e e T T}

p

10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

FK(a[k])
0
3
5.1
6.57
7.599
8.3193
8.82351
9.176457
9.42352
9.596464
9.717525
9.802267
9.861587
9.903111
9.932178
9.952524
9.966767
9.976737
9.983716

qlk+1]
3
5.1
6.57
7.599
8.3193
8.82351
9.176457
9.42352
9.596464
9.717525
9.802267
9.861587
9.903111
9.932178
9.952524
9.966767
9.976737
9.983716
9.988601
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Example 2

Inverse kinematics of a two-link robot
e [, =300 mm, L, = 300 mm

600 600
soo{ =0 soo{ =0
400 400
300 X 300 X
200 - 200 -
300
100 1 100 - (300,300)
300
0 0 -
0 100 200 300 400 500 600 0 100 200 300 400 500 600

Analytical solution

*Choosing an appropriate initial guess is important for obtaining stable solutions.
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Python code example

import numpy as np
import matplotlib.pyplot as plt

forward_kinematics(q):
x =1_1* np.cos(q[0]) + |_2 * np.cos(q
y = 1_1 * np.sin(q[0]) + |_2 * np.sin(q[
return np.array([x, y])

[0]
0]

jacobian(q):
J = np.array([[-I_1 * np.sin(q[0]) - I_2 * np.sin(q[0] + q[1]), -_2 * np.sin(q[0] + q[1])],
[I_1 * np.cos(q[0]) + |_2 * np.cos(q[0] + q[1]), I_2 * np.cos(q[0] + q[1])]])
return J

x_d, i)
* np.cos(q[0]), I_1 * np.cos(q
* np.sin(q[0]), I_1 * np.sin(ql[

draw_links(q,
x = np.array([0,
[0

B 0]) + I_2 * np.cos(q[0] + g[1])])
y = np.array([0, |_ ] q

[
0]) +1_2 * np.sin(q[0] + q[1])])

1,
1

plt.clf()

plt.plot(x, y, marker='0', color="k', linestyle='-', linewidth=2)
plt.scatter(x_d[0], x_d[1], s=100, c="red', marker='x")
plt.text(0, 500, 'i= {}'.format(i), fontsize=10)
plt.axis('square")

plt.xlim(-50, 600)
plt.ylim(-50, 600)

plt.savefig('frames/{}.png'.format(i))

Get source code from:
https://github.com/tak-kanno/robot-lecture

x_d = np.array([300, 300])

ql = np.deg2rad(45)
q2 = np.deg2rad(-90)

q = np.array([al, g2])

beta = 0.3
epsilon = 0.1
i=0

draw_links(q, x_d, i)
i+=1
while

x = forward_kinematics(q)

J_inv = np.linalg.inv(jacobian(q))

e=xd-x

g =q + beta * np.dot(J_inv, e)
print('ql: {}, g2: {}'.format(np.rad2deg(q[0]), np.rad2deg(q[1])))

draw_links(q, x_d, i)
i+=1

if np.linalg.norm(e) < epsilon:
break

* Al (GitHub Copilot) used in part of the source code.




Feedback Control

Using the methods described so far, we can
now compute the robot’s joint angles for a
given desired end-effector position.

How can we drive the motor so that its joint
angles match the target values?

Attach an angle sensor to the motor and drive
current proportional to the error between the
target angle and the measured angle.

- "feedback control".
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P control

Proportional control

« The motor torque is proportional to the difference between the target
angle and the actual angle.

T=Kp (Qref - 8)

Kp © proportional gain
0. - target angle

 |Increasing the gain leads to a fast
likelihood of instability.
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P control example

1.00

0.75 1

0.50

0.25 A

0.00

—0.25 ~

—0.50 -

—0.75 A

Time: 0.00

Kp: 30.0 Kd: 0.0 Ki: 0.0

—1.00
=0.5

0.0 0.5

1.0

1.5

2.0

gradually approaching the
target value.

52



D control

Differential control

« The motor torque, which is proportional to the error between the desired angular
velocity and the actual angular velocity, is applied.

T = KD(éref — 9)

« In D control, when 6., = 0, T = —Kp# , resulting in a resistance force proportional
to the velocity. In other words, it functions as a brake and can suppress the
vibration caused by P control.

PD control

« Combination of P control and D control. Commonly used in feedback control of
robots.

T = KP(Gref - 9) +KD(9ref - 0)
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Source code:
https://github.com/tak-kanno/robot-lecture

Effect of PD control

1.00

P P D 1.00
0.754 Time: 0.00 0.75 9 Time: 0.00
0.50- Kp:30.0Kd: 0.0Ki: 0.0 0501 Kp:30.0 Kd: 2.0 Ki: 0.0
0.25 0.25
0.00 c——
X 0.00 4 ._
~0.25 1
-0.25 -
~0.50 1
-0.50 -
—0.75 4
-0.75 -
_1|00 T T T T
—0.5 0.0 0.5 1.0 L5 2.0 -1.00 :
2.00 1.6 1
1.75 L.47
1.50 - 1.2 1
_ 1.25 - 101
E E
§ 1.00 4 5 0.8 4
8 0.75 A & 0.6 4
0.50 4 0.4
0.25 0.2
0.00 0.0
0 1 2 3 4 0 1
Time [s] Time [s]




Final Assignment (Kanno’s part)

TO BE ANNOUNCED
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